Abstract: We consider a sufficiently regular bounded open connected subset Ω of R n such that 0 ∈ Ω and such that R n \ cl Ω is connected. Then we choose a point w ∈]0, 1[ n . If ǫ is a small positive real number, then we define the periodically perforated domain
Introduction
This paper is devoted to the analysis of a singularly perturbed Dirichlet problem for the Laplace operator in a periodically perforated domain.
Throughout this paper n ∈ N \ {0, 1}. Let α ∈]0, 1[. We consider an open bounded connected subset Ω of R n of class C 1,α such that 0 ∈ Ω and such that the complement in R n of the closure cl Ω is also connected. Then let w be a point of the fundamental cell A ≡]0, 1[ n . For each ǫ ∈ R \ {0} we consider the open bounded connected subset Ω ǫ defined by Ω ǫ ≡ w + ǫΩ.
Then we take ǫ 0 > 0 such that cl Ω ǫ ⊆ A ∀ǫ ∈]0, ǫ 0 [. If ǫ ∈]0, ǫ 0 [, then the set Ω ǫ represents the perforation of the fundamental cell A. If z ∈ Z n \ {0}, we make a hole in the set A + z, by considering the translation Ω ǫ + z of the perforation Ω ǫ of the fundamental cell A. Next, if ǫ ∈]0, ǫ 0 [, we consider the periodically perforated set
obtained by removing from R n the set ∪ z∈Z n cl(z + Ω ǫ ).
In order to introduce a Dirichlet boundary value problem for the Laplace operator in the perforated set T (ǫ), we take a function
We note that g is defined on the fixed set ∂Ω, not depending on ǫ. Then, for each ǫ ∈]0, ǫ 0 [, we shall consider the following perturbed Dirichlet problem:
where {e 1 , . . . , e n } is the canonical basis of Questions of this type have long been investigated for problems on a bounded domain with a small hole with the methods of asymptotic analysis, which aims at giving complete asymptotic expansions of the solutions in terms of the parameter ǫ. It is perhaps difficult to provide a complete list of the contributions. Here, we mention the work of Kozlov, Maz'ya and Movchan [1] , Maz'ya, Nazarov and Plamenewskij [2] , Ozawa [3] , Vogelius and Volkov [4] , Ward and Keller [5] . We also mention the vast literature of homogenization theory (cf. e.g., Dal Maso and Murat [6] ).
Here we wish to characterize the behaviour of u[ǫ] at ǫ = 0 by a different approach. Thus for example, if we consider a certain functional, say f (ǫ), relative to the solution such as, for example, one of those considered in questions (i)-(ii) above, one could resort to Asymptotic Analysis and may succeed (depending on the functional f under consideration) to write out an expansion of the type
for suitable coefficients a j . Instead, in the same circumstance we would try to prove that f (·) can be continued real analytically around ǫ = 0. More generally, we would try to represent f (ǫ) for ǫ > 0 in terms of real analytic maps and in terms of possibly singular at ǫ = 0, but known functions of ǫ (such as ǫ −1 , log ǫ, etc.). We observe that our approach does have certain advantages. Indeed, if, for example, we know that f (ǫ) equals for ǫ > 0 a real analytic function of ǫ defined in a neighbourhood of ǫ = 0 in the real line, then we know that an asymptotic expansion as (2) for all r would necessarily generate a convergent series
and that the sum of such a series would be f (ǫ) for ǫ > 0.
Such a project has been carried out by Lanza de Cristoforis in many papers for the case of a bounded domain with a small hole. Here we mention in particular Lanza [7] (see also references therein) where a Dirichlet boundary value problem for the Laplace operator is considered. We also mention Dalla Riva and Lanza [8] .
As far as problems in periodically perforated domains are concerned, we mention, for instance, the work of Ammari, Kang and Touibi [9] , where a linear transmission problem is considered in order to compute an asymptotic expansion of the effective electrical conductivity of a periodic dilute composite. Furthermore, we note that periodically perforated domains are extensively studied in the frame of homogenization theory. Among the vast literature, here we mention, e.g., Cioranescu and Murat [10, 11] , Ansini and Braides [12] . We also observe that boundary value problems in domains with periodic inclusions can be analysed with the method of functional equations (at least for the two dimensional case). Here we mention, e.g., the work of Mityushev and Adler [13] , where a doubly periodic Dirichlet problem for the Poisson equation is studied in order to compute the longitudinal permeability of spatially periodic rectangular arrays of circular cylinders. We also mention Rogosin, Dubatovskaya, and Pesetskaya [14] , where Eisenstein functions are used to construct the solution of a mixed boundary value problem for a doubly periodic multiply connected domain, in order to study effective properties of a doubly periodic 2D composite material.
Strategy and main results
We now briefly outline our strategy. First of all, we observe that problem (1), which we consider only for positive ǫ, is singular (and not defined) for ǫ = 0. Then, by exploiting a potential theoretic approach, we can convert problem (1) into an equivalent integral equation. Indeed, if ǫ ∈]0, ǫ 0 [, then the solution u[ǫ] can be represented as the sum of a periodic double layer potential and a costant. The density of the periodic double layer potential and the costant must solve a particular integral equation defined on the ǫ-dependent domain ∂Ω ǫ . We observe that the periodic layer potentials are constructed by replacing the fundamental solution of the Laplace equation S n with a periodic analogue S a n in the definition of the classical layer potentials for the Laplace operator. Such a periodic analogue is a periodic distribution S a n ∈ D ′ (R n ) such that
in the sense of distributions. For a construction of S a n , we refer, for instance, to Hasimoto [15] , Shcherbina [16] , Poulton, Botten, McPhedran and Movchan [17] , Ammari, Kang and Touibi [9] . Then we observe that by changing the variables appropriately, we can obtain an equivalent integral equation which can be analysed by means of the Implicit Function Theorem around the degenerate case in which ǫ = 0, and we represent the unknowns of the integral equation in terms of real analytic functions of ǫ defined in a neighbourhood of 0. By exploiting these results we can prove our main Theorem. ∆u(x) = 0 ∀x ∈ R n , u(x + e i ) = u(x) ∀x ∈ R n , ∀i ∈ {1, . . . , n}.
As far as the energy integral of the solution is concerned, we have the following. 
Conclusion
We note that, by an approach similar to the one used for problem (1), we can study different boundary value problems in the periodically perforated domain T (ǫ). Moreover, we can also consider the case where the fundamental cell A is of the form 
